A decomposition of a Hilbert space H into a quasi-orthogonal family of closed subspaces is introduced. We shall investigate conditions in order to derive bounded families of corresponding quasi-projectors or resolutions of the identity operator. Given a local family of atoms, or generalized stable basis, for each subspace, we show that the union of the local atoms can generate a global frame for the Hilbert space. Corresponding duals can be calculated in a flexible way by means of systems of quasi-projectors. An application to Gabor frames is presented as example of the use of this technique, for calculation of duals and explicit estimates of lattice constants.
Introduction
Decomposition methods have been used for many important theoretical contributions. Introduced by Frazier and Jawerth [22] in order to construct wavelet-type basis for Besov spaces by Littlewood-Paley theory, they have been generalized by Gröbner and Feichtinger [9, 13] showing how many different classical and widely used Banach spaces (L p -spaces, Besov and Triebel spaces [22] , modulation spaces [12] , Wiener amalgams [10, 11] ) can be constructed by decompositions in local subspaces, controlled by global norms. Moreover, the research of bases for these spaces based on decomposition techniques has given extremely fruitful applied results in the fields of the numerical simulation, solving PDEs by means of wavelet expansions in Besov spaces [4, 5, 28] , signal and image processing and compression [21] , Gabor and signal time-frequency analysis [16, 23] . For example, finite elements methods are essentially based on domain decomposition methods, where on each subdomain a polynomial basis is defined. In a similar way, wavelets bases defined on hypercubes can be lifted by smooth parameterizations on suitable disjoint subdomains of a manifold decomposition [1, 6] . Even if this approach ensures that the global system, built as union of the local bases, can be a Riesz basis, the problem to paste the local bases over the interfaces has to be treated in order to ensure global smoothness. This implies that in general the construction of global bases on domains or manifolds can be quite difficult to implement. One interesting recent Stevenson's contribution [27] suggests the construction of global smooth frames, i.e., redundant stable generalized bases, by union of local ones defined on overlapping subdomains. By handling additional difficulties due to the fact that a frame discretizes operators giving rise to singular matrices, he is able to construct efficient adaptive schemes based on wavelets for the numerical solution of operator equations. We refer to [3] for a recent book on frames and non-orthogonal expansions. Inspired and motivated by these contributions, we want to discuss the abstract construction of frames from suitable generalized local systems in Hilbert spaces [19] . As a consequence we will produce a constructive method to calculate global dual frames from local ones. In fact, one of the crucial problem in non-orthogonal expansion theory is how to calculate the coefficients by means of dual families. Following the Gröbner and Feichtinger approach [9, 13] , assume Ω = {Ω λ } λ∈ is a uniformly locally finite covering of R d and Ψ = {ψ λ } λ∈ is an associated regular partition of the unity. Any distribution f can be decomposed by
where F g is the Fourier transform of g and " * " is the convolution operator. Then a decomposition space can be defined as
For suitable choices of the covering Ω the space D(Ω, L p , l q w ) can define, for example, a modulation or a Besov space. For p = q = 2 the space D(Ω, L p , l q w ) defines a Hilbert space of Bessel potential type. We generalize this approach in an abstract Hilbert space H considering the decomposition as the consequence of the application of an abstract resolution of the identity. In fact, denote
This approach reduce the construction of a basis for H to the construction of {P λ } λ and suitable generalized local bases, maybe easier to be defined and implemented: in fact, whenever each subspace P λ (H) has a basis, say
So the strategy can be summarized as follows:
• Construct a suitable decomposition of H and related P λ operators;
• construct a generalized local basis for each element of the decomposition;
• find conditions on the decomposition and the local basis such that their union is a global frame.
The paper presents a generalized version of the Gröbner-Feichtinger construction for a Hilbert space H. In particular, this abstract theory is the common skeleton and framework for many interesting atomic decompositions (wavelets [8] , Gabor frames [16, 23] , local Fourier basis, local circular harmonic frames [21] , ridgelets and curvelets). The resulting global systems are (structured) frames [3, 7, 8] for H with a flexible and constructive choice of possible duals. An outline of the paper is as follows: in Section 2 we collect the basic facts on frames and our notational conventions. In Section 3, the abstract theory of decompositions of Hilbert spaces is developed and it is described how to construct stable resolutions of the identity and global frames from local families of atoms. Section 4 is presenting an application to Gabor frames. We refer to [8, 16, 17, 23] for describing the mathematical and applied relevance of these non-orthogonal expansions. Given a function g ∈ L 2 , a Gabor frame is a frame for L 2 given by G(g, a, b) = {g m,n = e 2πibm g(x − an)} m,n∈Z d , where a, b > 0 are called lattice constants. This means that there exist A, B > 0 such that
In [14] it is shown that if 0 = g ∈ S 0 (Feichtinger's algebra), or just g ∈ S (Schwartz space), and a, b > 0 are small enough, then the family G(g, a, b) generates a Gabor frame for L 2 (R d ) and it is also known that for ab > 1 no Gabor frames can be ensured. So the estimation of the admissible lattice constants region depending on the quality of the Gabor atom is a relevant and crucial question for Gabor analysis and its related applications, and it is considered a quite difficult task. We refer to [8, 26] and [17, Chapter 3] for getting an idea of the difficulty on finding analytic solutions to this problem. Here, the abstract results of Section 3 are applied with interesting improvements with respect to [14] in order to study the quality of Gabor atoms g, as sufficient conditions for the existence of Gabor frames, and explicit estimates of the lattice constants, depending on local/smoothness and global/decay properties of the given Gabor atom. Typically, to ensure the validity of the upper bound (Bessel) condition of a (Gabor) frame is much easier then to show the lower bound condition (see [17, Chapter 3] ), which, in the case of our construction, is automatically verified by the existence of local families of atoms. The estimates for lattice constants that we propose are deduced for classes of functions: so it is not expected they can be very fine in specific cases, where other techniques can maybe work better (for example, by the analysis of the Zak transform [17, 26] ). Moreover, a novel constructive method for calculating approximations of non-canonical coherent duals by means of an iterative algorithm based on Neumann series expansions is proposed. In fact, one of the differences with respect to other more classical approaches is that we do not exploit any frame operator analysis [3] . Even though the Gabor frame operator has a very nice structure and properties of coherency, this is not valid for general frames, for example for wavelets ones. So, the generality of our approach allows also the treatment and the definition of new interesting non-orthogonal expansions and it can be exploited in order to discuss also so called irreg-ular Gabor frames with no coherent structure. In particular, the present paper can be also seen as the second [19] of a series on the construction of more general frames [20, 21] .
Preliminaries
Let H be a separable Hilbert space.
Definition 1.
A sequence {f n } n∈N in H is a frame for the Hilbert space H if there exist two positive constants A, B > 0 such that
The upper bound in condition (1) is also known as the Bessel condition for the sequence {f n } n∈N and whenever it holds the sequence {f n } n∈N is called a Bessel sequence.
Condition (1) ensures also that the frame operator S : H → H given by
is invertible. This implies that
The sequence {S −1 f n } n∈N is again a frame and it is said the canonical dual frame of {f n } n∈N with frame operator S −1 . Since a frame is typically overcomplete in the sense that the coefficient functionals {c n } n∈N such that
are in general not unique, there exist many possible duals {f n } n∈N in H for which
The redundancy of a frame, expressed as finitely linear dependence, can play an important role in practical problems where robustness and error tolerance are fundamental as, for example, denoising, irregular sampling problems [15] or pattern matching [21] . How to compute efficiently (approximations of) inverse frame operators for general frames and, consequently, how to compute (approximations of) corresponding canonical duals is still an open problem. Some recent results suggest solutions in particular for Gabor and wavelet frames, for example [2] . We will show in the following that the decomposition method can allow an easy construction and approximation of (non-canonical) duals avoiding the problem of inverting frame operators. In the following, constants c, C, K will define suitable positive constants, maybe unimportant for our analysis. We will write F G whenever F (x) CG(x) for some universal constant C which does not depend on x. When F G and G F then we will write F G.
Abstract decomposition of Hilbert spaces
The idea is to cut in a suitable way the space into smaller subspaces where some local generalized bases can be defined. We define a decomposition of H as follows Definition 2. A local construction or decomposition of the Hilbert space H is a sequence {W j } j ∈Z of closed subspaces of H such that
(L2) There exists N ∈ N such that for all j ∈ Z there exists I j ⊂ Z, |I j | N with the property that
Assume also the existence of a sequence of invertible bounded operators
Hence, (L1) and (L2) can be expressed by
In such a case, in order to define a decomposition, it is sufficient to give the couple
H → H is a unitary operator, then we will say that the decomposition is coherent. One typical and classical example of coherent decomposition is given by orthonormal wavelet spaces [8] .
Let us introduce now a generalization of frames [18] for subspaces, useful for the definition of generalized local non-orthogonal bases:
( 2) There exists B > 0 such that
Under the assumptions (4) and (5) it is not hard to show that there exist A,Ã > 0 such that, for all f
In particular, {ψ
Instead, in general the system {ψ 0 k } k∈Z is not necessarily a frame for the closure of its span and [15, 18] .
By applying the inverse Fourier transform
Observe now that, by Young's inequality, one has
Let us set
is a dual for the local family of atoms {T τ k g} k∈Z d . Moreover, by (10) there exists a universal constantB > 0 depending only on the behavior ofĝ on Ω such that, for all 0
Let us observe that Example 5 holds also in the case g ∈ L 2 andĝ is a continuous compactly supported function, just considering ĝ 1 ∞ in (9), (10) instead of g 1 1 . Moreover, generalizations of Example 5 for the construction of local families of band-limited atoms by irregular shifts are discussed in [15] .
We have introduced how to cut the space into subspaces and how to define generalized local frames and corresponding duals for each subspace. We would need now a tool which can be able to paste all these local contributions together in order to generate a global frame. Thus, we investigate the existence of suitable resolutions of the identity related to a given decomposition.
Definition 7.
Given a decomposition (W 0 , {D j } j ∈Z ) of H, we will call a system of bounded quasi-projectors or a Bessel resolution of the identity a set P = {P j } j ∈Z of operators such that P j : H → W j , and
The system is called self-adjoint and compatible with the canonical projections if
This lemma can be proved following the argument of [19, Proposition 2] under the additional assumption that [π W i , π W j ] ≡ 0 for all i, j . This proof is quite technical. We thank P.G. Casazza for providing us with the following simpler more direct proof of this lemma:
Proof of Lemma 8. We want to show that there exists an orthogonal decomposition
(2) For every 1 k N , any W i contains at most one of the subspaces {W k,j } j ∈J k .
As a consequence, we will show that, for all f ∈ H,
If N = 1 then the argument is trivially true. Let us assume N > 1 and develop the argument by induction. Let {W N,j } j ∈J N be the orthogonal family of subspaces consisting of all One has also these following relations:
Hence, if the system is uniformly bounded then (P4) implies (P2). Moreover, observe that (P2) implies |||P j ||| C 2 for all j . (ii) Property (P1) is intended to hold pointwise in the sense that j P j f = f , ∀f ∈ H.
By the Banach-Steinhaus theorem, the operator j P j is well defined as continuous operator. In particular, property (P4) implies that
By Cotlar's lemma, this implies that j P j converges anyway in the strong operator topology. 
Proposition 10. Given a decomposition
define a system of bounded quasi-projectors.
Proof. Due to property (L2), π W n (I H − π W j ) = π W n whenever W n ⊥ W j . Hence, the decomposition representation of P n in (14) has at most N relevant factors. Consequently
and, by density, the equivalence extends to all H (P1). Using the decomposition representation (14) it is not hard to see that P * j = P j (P2) and that 
are a system of quasi-projectors with P * j = S −1 π • π W j ∀j . In particular, the system has also the property of being self-adjoint and compatible with the canonical projections.
Proof. [19, Proposition 2]. ✷

Corollary 12. Let (W 0 , {D j } j ∈Z ) be a decomposition of H and assume that a system of bounded quasi-projectors with the property of being self-adjoint and compatible with the canonical projections
Proof. We should show that for all f ∈ H
Due to (P4), P i P j (f ) = P i (π W i (P j (f ))), and hence sup j ∈Z |{i ∈ Z:
The sum over i in (16) is then uniformly finite and
where I j = {i ∈ Z: P i P j = 0}. By applying the Cauchy-Schwarz inequality twice
coherent decomposition for a Hilbert space H, one has
(i) π W j = D j π W 0 D −j ; (ii) If {P j } j
is a system of quasi-projectors constructed as in Proposition 11, then
(ii) For α > 0 small enough one can decompose by Neumann series
The following theorem formulates how to use Bessel resolutions of the identity in order to paste the different local families of atoms and to generate a global frame.
Theorem 14. Consider a decomposition (W
Assume also that a system of bounded quasi-projectors P = {P j } j ∈Z such that formula (15) holds is given. Let {ψ 0 k } k∈Z in H be a local family of atoms for
Proof. First of all, observe that if {ψ 0 k } k∈Z in H is a local family of atoms for W 0 in H then {D j ψ 0 k } k∈Z ⊂ H is a local family of atoms for W j in H. Clearly, for all f ∈ H f = j ∈Z P j f . Since P j f ∈ W j one has
which implies
Moreover,
In the same waỹ 
Assume, now, that {ψ 0 k } k∈Z is a frame for W 0 and α j β j β for all j . As a consequence,
and by means of Lemma 8 (see (12))
Hence, {D j ψ 0 k } j,k∈Z is a Bessel sequence for H. ✷
Decomposition method as a technical tool
The abstract decomposition of Hilbert spaces is a useful technical tool (see also [12, 22] ): we shall show an example in Gabor frames theory where Theorem 14 can be directly applied, combined with the series expansion result stated in (11) . The function space + : 0 < ab 1} where, for a given atom g, one can generate frames is then a crucial question in Gabor analysis. In fact, interesting applications depend on this, as, for example, the construction of orthogonal frequency division multiplex (OFDM) systems with good time-frequency localization [16, 17] . The best and classical example of Gabor atom g 0 is the Gaussian, generating Gabor frames G(g 0 , a, b) for all ab < 1.
W (B, Y )(R d ) is the Wiener amalgam space of local component B and global compo-
Proposition 11 ensures that the operators
are a Bessel resolution of the identity with the property of being self-adjoint and compatible with the projections for N large enough. The choice of {P j } j is not unique. In fact, for any smooth compactly supported function 0 ψ 1, supp(ψ) = Ω, the sequence
defines a partition of the unity for R d and the sequence
defines a Bessel resolution of the identity such that the following lemma holds.
Lemma 18. A local dual constructed as in Example 5 is locally coherent, i.e., it has the same structure of the given local family of atoms: in particular, one has also
Proof. By Example 5 and Corollary 13(ii)
Observe now that π W j M bk ≡ M bk π W j for all j, k. This immediately implies by construction (23) that
In particular, by Paley-Wiener and standard calculations, a smooth function g ∈ C d+1 with decay given by
The choice of this type of candidates g as Gabor atoms is motivated by the fact that if g generates L 2 Gabor frames then also generates Banach frames for modulation spaces [12, 14] . In fact, it is now established that any "useful" Gabor atom should be quite well localized in the phase space [23, 24] .
then {M bk T aj g} j,k is a Bessel sequence with Bessel bound
In a similar way one also has
Hence, 
In particular, one has b < b 0 := 1/a 0 . Let us consider the operator
In fact, we have just substituted g ρ with g in (26) . Then
By formula (22) and Corollary 6, j,k∈Z d | f, T aj M bk P 0gρ | 2 C ρ f 2 2 , i.e., the sum is bounded by C ρ = O(ρ −d ) for ρ → ∞. Hence, for Lemma 19(ii) one has that for all 0 < η < 1 there exists ρ 0 > 0 big enough such that for all ρ > ρ 0
In fact, one can choose
. Hence, the operator S ρ is invertible and 
By the arguments of the proof of Theorem 20 for compactly supported atoms, it is not difficult to see that for any (a, b)
We show now that this region can be extended. Consider 0 < a < size(supp(g)) = 2 and 
Moreover, the constant C ρ of Theorem 20 can be substituted with
Hence, (33) and (34) imply that
is a Gabor frame. One can show that for some 7/4a < ρ < 2/a can be estimated as
Hence, by (34) one has
For any (2 + a)/2a < ρ < 2/a one has a, b) is a Gabor frame. • Assume 1 < b < 2/a and 0 < a 1; the Bessel constant B g ρ ,b related to G (g ρ , a, b) can be expressed as
If we make b depend on ρ as b = b(ρ) = 2/aρ the estimate (40) simplifies as
Solving the inequality
with respect to ρ > 0, one obtains 2
In particular, 1 < ρ 0 (a) < 2/a if and only if 0 < a < 2(2 − √ 3) < 1, and, since b = b(ρ) = 2/aρ, one has that
Hence, if
One can summarize the result as in Fig. 1 .
It is conjectured [25] that also for all (a, b) ∈ F 3 = {(a, b): a ∈ (0, 1), 1 < b < min(2, 1/a)}, G(g, a, b) can be a Gabor frame, where the upper bound b < 2 coincides with the first zero point of F g. A possible strategy would be to apply Theorem 20 on F g, just interchanging a ↔ b as described in Fig. 2 and essentially it can be done in the same way as we have discussed here. Interesting and fine results on the regions where G (g, a, b) is not a Gabor frame can be found in [25] and it is interesting to observe that they coincide with the regions where g and F g do vanish. As an other example, a complete investigation on the lattice constants of the step function χ 
The compactly supported family {T aj M bk P 0gρ } j,k is a uniform approximation in L 2 of a global dual for {T aj M bk g} j,k and this approximation is getting better and better for ρ → ∞, up to increase the density of the modulations. Moreover, a coherent global dual can be calculated iteratively by the following algorithm
n , g 0 = P 0gρ , g n = (I − S * ρ )g n−1 , n>0, and S * ρ can be expressed by S * ρ f = j,k∈Z d T aj M bk P 0gρ T aj M bk g, f .
Remark 24. The construction and, in particular, Theorem 20 can naturally extend to irregular Gabor frames {T n j M m k g} j,k∈Z d . In fact, the construction of local family of atoms generated by irregular modulations of a single atom has been already investigated in [15] ; moreover, once the local space W 0 = L 2 (Ω) is fixed and whenever {n j + Ω} j ∈Z d is an admissible covering, equivalent in the sense of Definition 3.3 in [13] to {aj + Ω} j ∈Z d , for some a > 0, then for D j = T n j one has that (W 0 , {D j } j ∈Z d ) defines a (non-coherent) decomposition for H = L 2 (R d ). The perturbation result (28), (29) also applies in this situation, by increasing in a suitable way the density of the irregular set {m k } k∈Z d , where the notion of density is in the sense of [15] . In this case, the duals calculated as in (30) cannot be coherent anymore.
Applications of this construction on new types of bases is proposed in [20, Chapters 4 and 5] in order to derive flexible intermediate Gabor-wavelet frames in α-modulation spaces and in [21] where the construction of local circular harmonic frames is used for efficient 2D pattern matching of digital images.
